We explore the influence of the orbital angular momentum on the collapse of vortex-free elliptic clouds of Bose-Einstein condensates with a negative scattering length trapped in a radially symmetric harmonic potential. We show that the number of trapped ultracold atoms corresponding to the collapse threshold can be radically increased for such rotating nonlinear matter waves. Below the threshold the elliptic mode is stable and exhibits periodic oscillations around a stationary rotating state. The frequency of these oscillations is independent of the number of particles and is determined solely by the trapping potential.
Introduction
Since the early days of ultracold atomic physics, the phenomena of matter wave collapse, i.e. unrestricted contraction of the Bose-Einstein condensate (BEC) with attractive inter-atomic interactions, has been studied both experimentally [1] [2] [3] [4] and theoretically [5] [6] [7] [8] [9] [10] . In particular, it has been shown that a dynamically stable BEC can exist both in 3D and 2D (strongly anisotropic, 'pancake') harmonic traps, as long as the number of particles in the condensate is below a critical value which depends on the anisotropy of the trap [11] . The initial dynamics of collapsing coherent matter waves under harmonic confinement is well described by the mean-field Gross-Pitaevskii theory, and is analogous to the collapsing light waves in self-focusing optical fibers [12] [13] [14] [15] . However, above the critical number of atoms, the condensate wavefunction undergoes rapid growth in peak density, which triggers three-body recombination losses [9, 10] . The analysis of subsequent dissipative dynamics should, in principle, take into consideration the uncondensed thermal fraction of atoms in the trap, which takes it beyond the standard mean-field theory (see, e.g., [16] ).
Naturally, the problem of collapse control and possible suppression in such systems is of great fundamental and practical importance. Several suggestions have been made on possible mechanisms to arrest the collapse, e.g. exploiting nonlocal interaction [17] or quintic elastic collisions [18] . In particular, it has been argued that raising the energy of the condensate through, for example, addition of an angular momentum (such as a vortex line) may raise the collapse threshold [6, 19] . It has also been predicted [20] in the context of many-body phenomena that the fragmentation of the condensate, i.e. macroscopic population of several singleparticle states (or 'orbitals'), which correspond to different orbital angular momentum (OAM, [21] ) eigenstates of the density functional, can lead to a metastable (i.e. long-lived) state of an attractive condensate with an overcritical number of atoms. However, such OAM states are vulnerable to the azimuthal modulational instability well known in nonlinear optics [22] .
The azimuthal instability leads to spatial modulation and break-up of the ring-shaped density envelope around the vortex line, before the filaments collapse [23] .
It was further suggested that for bell-shaped, or vortexfree, but anisotropic (e.g. elliptic) two-dimensional condensate clouds [24] , in particular carrying angular momentum [25] , the collapse can be completely arrested within the mean-field approach. A similar problem was considered [26, 27] in the context of the collapse of laser beams in a bulk self-focusing medium [28, 29] . It was shown recently [27] that imprinting a twisted phase front and thereby transferring OAM onto bell-shaped light beams with elliptic cross sections enables dramatic suppression of their collapse. Although the rotating BEC with attractive interaction was studied in the context of vortex formation [30, 31] , the fundamental role of OAM in the collapse dynamics of vortex-free trapped BECs, equivalent to a macroscopically occupied single-particle state in a many-body system [20] , remains an open problem.
In this paper, we analyze vortex-free elliptic BEC modes carrying OAM in a quasi-two-dimensional radially symmetric harmonic trap. Within the framework of the mean-field formalism, we show, both analytically and numerically, that for such rotating (spiraling) clouds the onset of collapse can be drastically suppressed well above the typical threshold numbers of trapped atoms.
Model
We consider a BEC with negative scattering length trapped in a quasi-two-dimensional radially symmetric 'pancake' trap with a tight transverse (axial) confinement. By using the appropriate dimensionality reduction procedure [32] , the mean-field Gross-Pitaevskii model for the condensate wavefunction can be written in the following dimensionless form: where ω z is the tight trapping frequency and m is the mass of the trapped atoms. The three-dimensional wavefunction is factorized under the conditions of the tight azimuthal confinement and the two-dimensional wavefunction ψ(x, y) is renormalized so that the interaction strength, characterizing the two-body scattering, is scaled to unity. In these units the norm of the two-dimensional wavefunction, N = |ψ| 2 dx dy, is related to the number of particles in the condensate, N , as follows:
where l s is the twobody scattering length and ω r is the radial trapping frequency.
The only remaining parameter,
r , in (1) can be scaled away (effectively w → 1) by introducing the new variables t = t/w 2 , r = r/w and ψ = wψ; however, we keep it for numerical convenience. Also, this parameter defines the width of the lowest-order linear radially symmetric mode,
, where the chemical potential μ = 2w −2 . The radial symmetry of (1) implies conservation of OAM:
in addition to conservation of the normalized number of atoms, N, and the Hamiltonian:
Important for the following is the scaling (or 'dilation') transformation of (1), which allows us to obtain exact periodic nonlinear solutions [13, 15] . Namely, for any solution ψ(x, y, t) to (1) there exists another solution to (1),ψ(x, y, t), with the spatial scale s(t), evolution variable z(t) and the additional parabolic wavefront curvature defined by α(t) [15] :
provided the following relations are satisfied:
In particular, without the initial phase chirp, α 0 = 0 (here and below the subscript 0 indicates the initial value at t = 0), the solution to (5) is
Variational approach
In order to create an anisotropic rotating matter wave, which would mimic the collapse-resistant light beam described in [27] , a phase twist should be imprinted onto the BEC cloud. A number of techniques of the transfer of OAM from photons to atoms have already been suggested theoretically and demonstrated experimentally [33] [34] [35] . Such techniques, in principle, can enable transfer of OAM readily imprinted onto an optical wave by, for example, a combination of cylindrical lenses [36] . Approximate solutions of (1) in the form of such nonlinear rotating modes can be derived using the variational method, by way of the standard Ritz minimization procedure [25, 31, 37] 
We use the ansatz suggested for the elliptic spiraling soliton (i.e. a nonlinear self-focused state): in [26, 27, 31] : (7) with the Gaussian envelope G(ξ ) = exp(−ξ 2 /2) and phase
, in the rotating frame X = x cos θ(t)+y sin θ(t) and Y = −x sin θ(t)+y cos θ(t). It is instructive to represent the integrals of motion (equations (2) and (3) in the laboratory frame (x, y, t)) expressed in terms of key variational parameters and the number of particles,
and the Hamiltonian is similar to that of a classical particle with 'effective' mass N/4 in a two-dimensional potential:
where the last nonlinear term (∼N 2 ) is the interaction term.
Similar to [27] , it is convenient to introduce the spatial scale a(t), a 2 = (b 2 + c 2 )/2, and the ellipticity parameter (t) = tan −1 (c/b) with 0 < < π/2, then b = √ 2 a cos and c = √ 2 a sin . The variational equations take the following form:
with rescaled particle number n = N/π, normalized (per particle) OAM σ = M/N, normalized Hamiltonian h = 2H/N and the Ermakov integral of motion K [25] [26] [27] . The only difference from the nonlinear system derived in [27] for the same set of parameters is the additional term 2w −4 a 2 in the expression for h (13) which is due to the presence of a trapping potential. This term modifies the diffraction and changes the dynamics of the spiraling elliptic mode dramatically, with respect to the nonlinear localized state in a trap-free situation [27] . To demonstrate this difference, we derive the following solution to (13) for a particular choice of initial conditions, da 0 /dt = d 0 /dt = 0:
where the oscillation frequency coincides with the chemical potential of linear modes above, μ = 2w −2 . The analysis of (14) shows that, for K > 0 there is no collapse and the BEC cloud in the trap persists as a stable rotating and oscillating mode, while for K 0 the collapse occurs at a finite time (see also [25] ):
Stationary rotating nonlinear modes
The stationary solution with a(t) = a 0 is obtained from (14) for a particular choice of the integral of motion K = 2a 4 0 /w 4 . More generally, the stationary solution rotating with constant velocity dθ/dt = ω is obtained from the system (12) and (13) by setting derivatives to zero, da/dt = d /dt = 0, which require B = C = 0. As a result, we obtain a family of stationary rotating nonlinear modes with two parameters: the number of particles n and the OAM σ . It is more convenient, however, to derive this family in terms of parameters n and as follows. For a given scale factor, w, we choose the number of particles n and the envelope ellipticity s (here the subscript s indicates the stationary solution) and subsequently derive the mode width a s : (17) correspond to two opposite directions of rotation. The family of nonlinear stationary modes described by (16) and (17) is presented in figures 1(b)-(d) in the form of the dependences a s (n) , σ s (n) and ω s (n) for several values of ellipticity s .
It is instructive to compare such nonlinear elliptic modes with their linear counterparts. The linear equation (1), with the nonlinear interaction term formally set to zero, corresponds to the limit n → 0 in (16) and (17) . Interestingly, this limit allows us to recover an exact linear solution in the form of a stationary elliptic rotating mode. To prove it, we directly substitute (7) into (1) (without the nonlinear term) and derive the system of coupled first-order differential equations for the parameters of the trial function (7). We are interested here in the mode with stationary profile, d dt {A, b, c} = 0, in the frame rotating with constant angular velocity dθ/dt = ω. Denoting such a solution by the subscript l, we obtain B l = C l = 0, a l sin 2 l = w and σ l = ± cot 2 2 l , which also follow from equations (16) and (17) with n = 0. The chemical potential does not differ from that of the fundamental mode above, dϕ l /dt = −2w −2 = −μ. A striking similarity between linear and nonlinear modes is that in both cases there is a continuous family of solutions with different profiles that are stationary in the rotating reference frame (defined by l and s , respectively). The striking difference is that, while the rotation velocity of nonlinear mode ω s strongly depends on the ellipticity s and OAM σ s , the analogous parameter for linear mode, |ω l | = μ, is independent of its OAM σ l .
Collapse threshold and dynamics
As discussed above, the condition for the stability of the nonlinear rotating mode against collapse requires K > 0 and the threshold, K = 0, defines the mode cutoff, a s → 0, which is also obvious from expression (16) . Namely, for a given ellipticity s , the collapse occurs for n n c with critical number of particles:
This threshold condition defines a stability boundary in the existence domain of the stationary modes shown in figure 1.
In the limit ≡ π/4 and σ ≡ 0, corresponding to the fundamental radially symmetric mode, equations (10)- (13) yield well-known results. Namely, the collapse threshold (18) gives the critical number n c = 4, or N c = 4π 12.57 [38] , which is slightly higher than the exact number N c = 11.69 [39] . One can see that the variational theory predicts a significant departure from this collapse threshold for elliptical stationary states. As the degree of anisotropy grows, → 0, the critical number increases well above the value of n c = 4, see figure 1(a) .
We test variational predictions by direct numerical solution of the dynamical equation (1) . As an initial condition we choose the variational trial function with the parameters corresponding to one of the predicted stationary states with a given ellipticity. We note that, while we aim to determine the onset of collapse, it is not our intention to simulate the dynamics of a collapsing wavefunction; therefore the simulations are performed on a fairly rough spatial grid and stopped once the collapse has commenced, i.e. once the spatial extent of the condensate wavefunction becomes comparable with the discretization scale of the numerical grid. For stable solutions, we simulated the propagation for up to t = 200 to make sure that no indication of delayed collapse is evident.
Our results are summarized in figure 1 . One can see that the numerical results on the collapse threshold qualitatively agree with the variational predictions. Indeed, the collapse is significantly suppressed for the elliptical rotating states well above the fundamental threshold n s = 4. For relatively low atom numbers the variational solution is remarkably close to the true stationary state and thus serves as an excellent initial condition for demonstration of the stable dynamics. Stable dynamics of the stationary rotating state below the collapse threshold is shown in figure 2 for n = 1 and = π/15. Furthermore, below the critical value the variational theory predicts that the stationary states are dynamically stable, i.e. the collapse is suppressed. An important observation regarding their dynamics is that, if we introduce the new variables s(t) = a(t)/a s and s 0 = a 0 /a s into (14) , together with the expression for the Ermakov integral, K = K s = 2a 4 s /w 4 , we recover equation (6) . Therefore, although variational ansatz (7) is approximate, the description (14) of oscillations near the stationary solution a s is exact. Indeed, the numerical evolution of the peak density of the initially 'stretched' mode in figure 2 (dashed line) displays regular oscillations described by (6) and (14) . Such periodic variation of the spatial scale was also obtained by the variational method in [25] . As expected, equation (14) with K = 2 − n/2 also describes the stable dynamics of the fundamental (ground state) radially symmetric mode, which for n < n c exhibits oscillations around the stationary state. Remarkably, in all these cases the frequency of oscillations, μ = 2w −2 , is independent of the number of particles n.
For larger numbers of atoms, the variational solution no longer correctly predicts the shape of the stationary rotating mode, although it still correctly predicts the stability of the condensate against collapse. Such non-stationary stable dynamics can be seen in figure 3 (top panel) , where it is clearly seen that the collapse is suppressed. Finally, above a certain numerically determined threshold (the boundary is marked by gray circles in figure 1) , the matter wave clearly exhibits a strong collapse in figure 3 (middle panel) , which is characterized by the unlimited growth of the peak density, as shown in figure 3 (bottom panel) .
It is interesting to note that, even for an initially strongly anisotropic condensate cloud, the central region of the condensate becomes radially symmetric (see figure 4) , displaying the self-similar collapse dynamics, well described in the context of radially symmetric geometries of selffocusing nonlinear optical beams [29] . The formation of a similar radially symmetric Townes profile [40] of an initially anisotropic collapsing laser beam was observed experimentally in [41] .
To stress the role of OAM in the suppression of collapse, here we briefly examine the effect of an elliptic deformation without a phase twist [24, 25] , ≡ 0, i.e. with zero OAM, σ ≡ 0. The dynamics is described by variational equations (12) and (14), with the collapse threshold defined by the condition K = 0, as above. Therefore, the variational approach predicts that collapse is suppressed if the number of particles is below the critical value, n c = 4/ sin 2 , which is up to a factor of two lower than that for the rotating modes in (18) .
However, the direct numerical simulations show that the actual collapse threshold is much lower than that of rotating modes with nonzero OAM. For example, we found this threshold to be n c 4.7 for initial ellipticity 0 = π/15, which is much lower than n c = 6.8 for rotating states in figures 2 and 3, and it is much closer to that of the ground radially symmetric state, n c = 4. The apparent reason for the greater discrepancy with variational predictions is that, in contrast to persistent rotation of modes supported by conservation of OAM, the non-stationary elliptic modes with zero OAM are subject to strong oscillations decaying into a complex pattern with the appearance of a radially symmetric collapsing spike, as in figure 4 . This decay is not captured by the variational Figure 4 . Cross sections along the x (solid) and y dimensions (dashed) of the density of collapsing matter wave with n = 7 at different points in temporal evolution in figure 3 showing convergence to a radially symmetric shape. approach and the decay rate can be recovered from linear stability analysis of the ground state.
Conclusions
We have explored theoretically the influence of an orbital angular momentum on the dynamics and suppression of collapse of trapped matter waves with attractive inter-atomic interaction. Elliptically shaped spiraling clouds of ultracold atoms supported by a radially symmetric harmonic trap allow for a collapse-free dynamically stable evolution of matter waves with the number of particles greatly exceeding the threshold for radial modes. To achieve the suppression of collapse, one needs to increase the ellipticity of the mode and its rotation (spiraling) velocity, by transferring orbital angular momentum to the matter wave, e.g. imprinting a twisted phase front onto an elliptic BEC cloud. Due to the formal similarity between the behavior of the coherent matter and light waves, the results could also be readily applied to the dynamics of elliptic 'spiraling' modes of nonlinear optical waveguides [13] [14] [15] .
